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Àííîòàöèÿ

�àññìàòðèâàåòñÿ îáðàòíàÿ çàäà÷à îïðåäåëåíèÿ ÿäðà èíòåãðàëüíîãî ÷ëå-

íà èíòåãðî-äè��åðåíöèàëüíîãî óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà. Çà-

äà÷à îïðåäåëåíèÿ ÿäðà ïàìÿòè â âîëíîâîì ïðîöåññå ñâîäèòñÿ ê íåëèíåé-

íîìó èíòåãðàëüíîìó óðàâíåíèþ Âîëüòåððà ïåðâîãî ðîäà òèïà ñâåðòêè,

êîòîðîå, â ñâîþ î÷åðåäü, ïðè îïðåäåëåííûõ ïðåäïîëîæåíèÿõ ïðåîáðàçó-

åòñÿ ê óðàâíåíèþ Âîëüòåððà âòîðîãî ðîäà. Ìåòîäîì ñæèìàþùèõ îòîá-

ðàæåíèé äîêàçûâàåòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü ïîñòàâëåííîé çàäà-

÷è â ïðîñòðàíñòâå íåïðåðûâíûõ �óíêöèé ñ âåñîâûìè íîðìàìè, à òàêæå

ïîëó÷åíà îöåíêà óñëîâíîé óñòîé÷èâîñòè ðåøåíèÿ.

Êëþ÷åâûå ñëîâà è �ðàçû

èíòåãðî-äè��åðåíöèàëüíîå óðàâíåíèå, îáðàòíàÿ çàäà÷à, ÿäðî, ñïåê-

òðàëüíàÿ çàäà÷à, òåîðåìà Áàíàõà, íåðàâåíñòâî �ðîíîóëëà.
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Abstrat

In this paper, we onsider the inverse problem of determining the kernel

of an integral term in an integro-di�erential equation. The problem of

determining the memory kernel in the wave proess is redued to a nonlinear

Volterra integral equation of the �rst kind of onvolution type, then over

determination ondition it brings to the Volterra integral equation of the

seond kind. The method of ontration maps proves the unique solvability

of the problem in the spae of ontinuous funtions with weight norms, and

an estimate of the onditional stability of the solution is obtained.

Keywords

integro-di�erential equation, inverse problem, kernel, spetral problem,

�xed point theorem, Gronwall inequality..

For itation

Safarov J. Sh., Durdiev D.Ê., Rakhmonov À.À. Inverse problem for a

hyperboli integro-di�erential equation in a bounded domain // Mat. trudy,

2024, vol. 27, no. 1, pp. 139-162. DOI 10.25205/1560-750X-2024-27-1-139-

162

� 1. Ââåäåíèå è ïîñòàíîâêà çàäà÷è

Îáðàòíûå çàäà÷è äëÿ èíòåãðî - äè��åðåíöèàëüíûõ óðàâíåíèé ãèïåð-

áîëè÷åñêîãî òèïà � áóðíî ðàçâèâàþùååñÿ â íàñòîÿùåå âðåìÿ íàïðàâëåíèå

ñîâðåìåííîé ìàòåìàòè÷åñêîé �èçèêè. Òàêèå çàäà÷è âîçíèêàþò âî ìíîãèõ

îáëàñòÿõ ïðèêëàäíîé íàóêè, òàêèõ êàê ýëåêòðîäèíàìèêà, àêóñòèêà, êâàí-

òîâàÿ òåîðèÿ ðàññåÿíèÿ, ãåî�èçèêà àñòðîíîìèÿ è äð. Ê èíòåãðî - äè�-

�åðåíöèàëüíûì óðàâíåíèÿì ïðèâîäÿò çàäà÷è ðàñïðîñòðàíåíèÿ óïðóãèõ,

ýëåêòðîìàãíèòíûõ âîëí â ñðåäàõ, ãäå ñîñòîÿíèå ñðåäû â äàííûé ìîìåíò

âðåìåíè çàâèñèò îò åå ñîñòîÿíèÿ âî âñå ïðåäûäóùèå ìîìåíòû âðåìåíè.

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2024, Òîì 27, � 1, Ñ.139-162

Mat. trudy, 2024, vol. 27, no. 1, pp. 139-162



Ñà�àðîâ Æ.Ø., Äóðäèåâ Ä.Ê., �àõìîíîâ À.À. 141

Ìàòåìàòè÷åñêè, â ïðàâûå ÷àñòè ñîîòâåòñòâóþùèõ êëàññè÷åñêèõ óðàâíå-

íèé ðàñïðîñòðàíåíèÿ âîëí äîáàâëÿþòñÿ èíòåãðàëû òèïà ñâåðòêè, êîòîðûå

îïèñûâàþò ÿâëåíèå çàïàçäûâàíèÿ.

Ñ ðàçëè÷íûìè ïîñòàíîâêàìè îáðàòíûõ çàäà÷ äëÿ óðàâíåíèé â ÷àñòíûõ

ïðîèçâîäíûõ âòîðîãî ïîðÿäêà ìîæíî îçíàêîìèòüñÿ â êíèãàõ [1, 2, 3, 4, 5,

6℄( ñì. òàêæå îáøèðíóþ áèáëèîãðà�èþ â íèõ).

Ïåðâûå ðåçóëüòàòû â òåîðèè îáðàòíûõ çàäà÷ äëÿ èíòåãðî - äè��åðåí-

öèàëüíûõ óðàâíåíèé ïðåäñòàâëåíû â ðàáîòàõ èòàëüÿíñêèõ ìàòåìàòèêîâ

À. Ëîðåíöè, Å. Ñèíåñòðàðè, E. Ïàïàðîíè [7, 8, 9℄. Ê íàñòîÿùåìó âðåìåíè

èçó÷åíèå îäíîìåðíûõ è ìíîãîìåðíûõ îáðàòíûõ çàäà÷ îïðåäåëåíèÿ ÿäðà

èíòåãðàëüíîãî ÷ëåíà èíòåãðî - äè��åðåíöèàëüíûõ óðàâíåíèé ñòàëî îáú-

åêòîì èññëåäîâàíèÿ ìíîãèõ ó÷åíûõ. Â [10, 11, 12, 13, 14℄ ðàññìàòðèâàëèñü

îäíîìåðíûå çàäà÷è íàõîæäåíèÿ ÿäðà, âõîäÿùåãî â èíòåãðî - äè��åðåí-

öèàëüíîå óðàâíåíèå ñ äåëüòà-�óíêöèåé â ïðàâîé ÷àñòè, ëèáî ñ ãðàíè÷íûì

óñëîâèåì. Äëÿ ïîñòàâëåííûõ â ýòèõ ðàáîòàõ çàäà÷ äîêàçàíû òåîðåìû ñó-

ùåñòâîâàíèÿ, åäèíñòâåííîñòè è ïîëó÷åíû îöåíêè óñòîé÷èâîñòè íà îñíîâå

ïðèíöèïà ñæèìàþùèõ îòîáðàæåíèé. Ïîäîáíûå çàäà÷è ñ ðàñïðåäåëåííûìè

èñòî÷íèêàìè âîçìóùåíèé èçó÷åíû â [15, 16, 17℄. Â ðàáîòàõ [18, 19, 20℄ äëÿ

ìíîãîìåðíûõ îáðàòíûõ çàäà÷ íàõîæäåíèÿ ÿäðà ãèïåðáîëè÷åñêèõ èíòåãðî-

äè��åðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà äîêàçàíû òåîðåìû îäíî-

çíà÷íîé ëîêàëüíîé ðàçðåøèìîñòè â êëàññå �óíêöèé, àíàëèòè÷åñêèõ ïî

ïðîñòðàíñòâåííûì è íåïðåðûâíûõ ïî âðåìåííîé ïåðåìåííûì. Â ðàáîòàõ

[21, 22℄ äîêàçàíû òåîðåìû î ãëîáàëüíîé îäíîçíà÷íîé ðàçðåøèìîñòè äâó-

ìåðíûõ îáðàòíûõ çàäà÷, êîãäà ÿäðî èíòåãðàëüíîãî ÷ëåíà ñëàáî çàâèñèò îò

ãîðèçîíòàëüíîé ïåðåìåííîé. �ëîáàëüíàÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü ìíî-

ãîìåðíîé îáðàòíîé çàäà÷è îïðåäåëåíèÿ ÿäðà äîêàçàíà â ðàáîòå [23℄.

Â äàííîé ðàáîòå èññëåäóåòñÿ îáðàòíàÿ çàäà÷à, çàêëþ÷àþùàÿñÿ â íà-

õîæäåíèè ðåøåíèÿ è îäíîìåðíîãî ÿäðà ñâåðòêè èíòåãðàëüíîãî ÷ëåíà íåîä-

íîðîäíîãî èíòåãðî � äè��åðåíöèàëüíîãî óðàâíåíèÿ ñ ãèïåðáîëè÷åñêèì

îïåðàòîðîì îáùåãî òèïà â ãëàâíîé ÷àñòè, èç óñëîâèé, ñîñòàâëÿþùèõ ïðÿ-

ìóþ (â äàííîì ñëó÷àå íà÷àëüíî - êðàåâóþ) çàäà÷ó è íåêîòîðîãî äîïîë-

íèòåëüíîãî óñëîâèÿ. Â êà÷åñòâå ïîñëåäíåãî óñëîâèÿ ðàññìàòðèâàåòñÿ ñëåä

ðåøåíèÿ ïðÿìîé çàäà÷è â �èêñèðîâàííîé òî÷êå n- ìåðíîé îáëàñòè äëÿ

âñåãî âðåìåííîãî èíòåðâàëà. Îñíîâíûìè ðåçóëüòàòàìè äàííîé ðàáîòû ÿâ-

ëÿþòñÿ òåîðåìû ãëîáàëüíîé îäíîçíà÷íîé ðàçðåøèìîñòè îáðàòíîé çàäà÷è

è óñòîé÷èâîñòè ðåøåíèÿ. Ñëåäóåò îòìåòèòü, ÷òî ìåòîäèêà èññëåäîâàíèÿ

ïðÿìîé çàäà÷è äàííîé ðàáîòû áëèçêà òåõíèêå, ïðèìåíåííîé â ðàáîòå [24℄,

â êîòîðîé èññëåäóåòñÿ îáðàòíûå çàäà÷è ïî îïðåäåëåíèþ ÿäåð ïàìÿòè â

èíòåãðî-äè��åðåíöèàëüíîì ïàðàáîëè÷åñêîì óðàâíåíèè.
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�àññìîòðèì èíòåãðî-äè��åðåíöèàëüíîå óðàâíåíèå

utt − Lu =

∫ t

0

k(t− θ)u(x, θ) dθ + g(x, t), (x, t) ∈ Q, (1)

ñ íà÷àëüíûìè

u|t=0 = ϕ(x), ut|t=0 = ψ(x), x ∈ Ω, (2)

è ãðàíè÷íûì óñëîâèÿìè:

u(x, t) = 0, (x, t) ∈ ∂Q. (3)

ãäå L =
n∑

i,j=1

∂
∂xi

(
aij(x)

∂
∂xj

)
+ c(x)− ðàâíîìåðíûé ýëëèïòè÷åñêèé îïåðàòîð

(n ≥ 1), ñ (aij(x) ∈ C1(Ω), c(x) ∈ C(Ω); Q := Ω× (0, T ], Ω ⊂ R
n− îãðà-

íè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω, à ∂Q := ∂Ω × [0, T ], ϕ(x), ψ(x)
è g(x, t)− çàäàííûå �óíêöèè. Íàõîæäåíèå �óíêöèè u(x, t) èç (1)�(3), ïðè
èçâåñòíîé k(t) íàçîâåì ïðÿìîé çàäà÷åé. Â ÷àñòíîñòè, ïðè k(t) ≡ 0 íåîáõî-
äèìûìè óñëîâèÿìè ñóùåñòâîâàíèÿ êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è (1)�(3)

ÿâëÿþòñÿ ñëåäóþùèå óñëîâèÿ ãëàäêîñòè ([25℄, ñ. 483):

ϕ(x) ∈ C1(Ω) ψ(x) ∈ C(Ω), g(x, t) ∈ C(Q),

è óñëîâèå ñîãëàñîâàíèå

ϕ|x∈∂Ω = ψ|x∈∂Ω = 0.

Îáðàòíàÿ çàäà÷à çàêëþ÷àåòñÿ â îïðåäåëåíèè íåèçâåñòíîãî ÿäðà k(t),
t > 0, ïî èìåþùèåñÿ äîïîëíèòåëüíîé èí�îðìàöèè î ðåøåíèè ïðÿìîé çà-

äà÷è â íåêîòîðîé òî÷êå x0 ∈ Ω,

u(x0, t) = h(t), 0 ≤ t ≤ T, (4)

ãäå h(t)− = çàäàííàÿ �óíêöèÿ.

Îïðåäåëåíèå. �åøåíèåì îáðàòíîé çàäà÷è (1)�(4) íàçîâåì �óíêöèè

u(x, t) è k(t) èç êëàññîâ C2
(
Q
)
∩ C1

(
Q
)
è C[0, T ], ñîîòâåòñòâåííî, óäîâëå-

òâîðÿþùèå ñîîòíîøåíèÿì (1)� (4).

Ñíà÷àëà èçó÷èì ïðÿìóþ çàäà÷ó.

� 2. Èññëåäîâàíèå ïðÿìîé çàäà÷è

�àññìîòðèì ñïåêòðàëüíóþ çàäà÷ó

Lv + λ2v = 0, x ∈ Ω, (5)
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v
∣∣
∂Ω

= 0. (6)

Èçâåñòíî (ñì. íàïðèìåð, [26℄, ñ. 100), ÷òî, åñëè êîý��èöèåíòû îïåðàòî-

ðà L è ãðàíèöà îáëàñòè Ω ÿâëÿþòñÿ äîñòàòî÷íî ãëàäêèìè è c(x) > 0, òî
ñïåêòðàëüíàÿ çàäà÷à (5)�(6) èìååò ïîëíîå â L2(Ω) ìíîæåñòâî îðòîíîðìè-
ðîâàííûõ ñîáñòâåííûõ �óíêöèé vm(x), m ≥ 1, è ñ÷åòíîå ìíîæåñòâî ïîëî-

æèòåëüíûõ ñîáñòâåííûõ çíà÷åíèé λm.

�åøåíèå çàäà÷è (1)�(3) áóäåì èñêàòü â âèäå ðÿäà Ôóðüå

u(x, t) =
∞∑

m=1

Am(t)vm(x), (7)

ãäå vm(x)− ñîáñòâåííûå �óíêöèè çàäà÷è (5)-(6); Am(t)− êîý��èöèåíòû

Ôóðüå îïðåäåëÿåìûå �îðìóëîé

Am(t) =

∫

Ω

u(x, t)vm(x)dx. (8)

Ïîäñòàâëÿÿ (7) â óðàâíåíèÿ (1), (2), îòíîñèòåëüíî Am(t), ïîëó÷èì ñëå-

äóþùóþ çàäà÷ó:

A′′
m(t) + λ2mAm(t)−

∫ t

0

k(t− θ)Am(θ) dθ = gm(t), (9)

Am(0) = ϕm, A′
m(0) = ψm. (10)

ãäå ϕm, ψm, gm(t), êîý��èöèåíòû Ôóðüå �óíêöèé ϕ(x), ψ(x), g(x, t) :

ϕ(x) =
∞∑

m=1

ϕmvm(x), ψ(x) =
∞∑

m=1

ψmvm(x), g(x, t) =
∞∑

m=1

gm(t)vm(x). (11)

Óðàâíåíèå (9) ýêâèâàëåíòíî ñëåäóþùåìó èíòåãðàëüíîìó óðàâíåíèþ:

Am(t) =
1

λm

∫ t

0

sin λm(t− s)Gm(s)ds+ (Cm cosλmt+Dm sin λmt) , (12)

ãäå

Gm(t) := gm(t) +

∫ t

0

k(t− θ)Am(θ) dθ, (13)

à Cm è Dm− ïðîèçâîëüíûå ïîñòîÿííûå. Èñïîëüçóÿ íà÷àëüíûå óñëîâèÿ (2),

èç �îðìóëû (12) ïîëó÷èì

Am(0) = Cm, A′
m(0) = λmDm. (14)
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Èç �îðìóë (10) è (14) ñëåäóåò, ÷òî Cm = ϕm, Dm = 1
λm
ψm. Ñ ó÷åòîì ýòîãî

(12) çàïèñûâàåòñÿ â âèäå:

Am(t) = ϕm cosλmt+
1

λm
ψm sinλmt+

1

λm

∫ t

0

sinλm(t− s)Gm(s)ds. (15)

Òàêèì îáðàçîì, ìû ïîëó÷èëè èíòåãðàëüíîå óðàâíåíèå âîëüòåððîâñêîãî

òèïà âòîðîãî ðîäà îòíîñèòåëüíî �óíêöèè Am(t). Èç òåîðèè èíòåãðàëüíûõ
óðàâíåíèé ñëåäóåò, ðåøåíèå ýòîãî óðàâíåíèÿ åäèíñòâåííî è ìîæåò áûòü

ïîëó÷åíî ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé.

Äëÿ äàëüíåéøèõ èññëåäîâàíèé íàì íóæíà ñëåäóþùàÿ ëåììà:

Ëeììà 1. Ïóñòü Am(t), A
1
m(t), A

2
m(t)− ðåøåíèÿ óðàâíåíèÿ (15), ñîîò-

âåòñòâóþùèå �óíêöèÿì k(t), k1(t), k2(t). Èìåþò ìåñòà ñëåäóþùèå îöåíêè:

|Am(t)| ≤

(
|ϕm|+

1

λm
|ψm|+

1

λm
‖gm‖T

)
e

‖k‖T2

2λm , (16)

|A′′
m(t)| ≤

(
|ϕm|+

1

λm
|ψm|+

1

λm
‖gm‖T

)(
λ2m + ‖k‖T

(
1 +

T

2
λm

)
e

‖k‖T2

2λm

)
,

(17)

|A1
m(t)−A

2
m(t)| ≤

1

λm

(
|ϕm|+

1

λm
|ψm|+

1

λm
‖gm‖T

)
e

(‖k2‖+‖k1‖)T2

2λ1
T 2

2
‖k1−k2‖

(18)
ãäå ‖gm‖ = max

0≤t≤T
|gm(t)|, ‖k‖ = max

0≤t≤T
|k(t)|.

Äîêàçàòåëüñòâî. Èç �îðìóëû (15) ñëåäóåò,÷òî

|Am(t)| =

∣∣∣∣ϕm cosλmt+
1

λm
ψm sinλmt+

1

λm

∫ t

0

sinλm(t− s)Gm(s)ds

∣∣∣∣

≤ |ϕm|+
1

λm
|ψm|+

1

λm

∣∣∣∣
∫ t

0

sinλm(t− s)

[
gm(s) +

∫ s

0

k(s− θ)Am(θ) dθ

]
(s)ds

∣∣∣∣

≤ |ϕm|+
1

λm
|ψm|+

1

λm
‖gm‖T +

‖k‖

λm

∫ t

0

(t− θ)|Am(θ)|dθ.

Îòñþäà ïî ëåììå �ðîíóîëëà ïîëó÷èì îöåíêó (16). Ïðîäè��åðåíöèðîâàâ

óðàâíåíèå (15) äâà ðàçà ïî t, âîñïîëüçîâàâøèñü îöåíêîé (16), ïîëó÷èì

îöåíêó (17).

Ïî óñëîâèþ ëåììû A1
m(t), A

2
m(t)− äâà ðåøåíèÿ óðàâíåíèÿ (15), ñî-

îòâåòñòâóþùèå �óíêöèÿì k1(t), k2(t). �àññìîòðèì ìîäóëü ðàçíîñòè ýòèõ

�óíêöèé

|A1
m(t)− A2

m(t)| ≤
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∣∣∣∣
1

λm

∫ t

0

sin λm(t− α)

∫ α

0

[
k1(τ)A1

m(α− τ)− k2(τ)A2
m(α− τ)

]
dτ dα

∣∣∣∣

≤
1

λm

∫ t

0

| sinλm(t− α)|

∫ α

0

[∣∣k1(τ)
∣∣ ∣∣A1

m(α− τ)− A2
m(α− τ)

∣∣+
∣∣A2

m(α− τ)
∣∣ ∣∣k1(τ)− k2(τ)

∣∣] dτ dα

≤
1

λm

∫ t

0

| sinλm(t− α)|

∫ α

0

∣∣A2
m(α− τ)

∣∣ ∣∣k1(τ)− k2(τ)
∣∣ dτ dα+

+
1

λm

∫ t

0

| sinλm(t− α)|

∫ α

0

∣∣k1(τ)
∣∣ ∣∣A1

m(α− τ)−A2
m(α− τ)

∣∣ dτ dα. (19)

Çäåñü ìû èñïîëüçîâàëè î÷åâèäíîå íåðàâåíñòâî

|ϕ1
kϕ

1
s − ϕ2

kϕ
2
s| ≤ |ϕ1

k − ϕ2
k||ϕ

1
s|+ |ϕ2

k||ϕ
1
s − ϕ2

s|. (20)

Ïðàâàÿ ÷àñòü íåðàâåíñòâî (19) ñîñòîèò èç äâóõ ñëàãàåìûõ. Êàæäîå ñëàãà-

åìîå îöåíèâàåì ïî îòäåëüíîñòè. Äëÿ îöåíêè ïåðâîãî ñëàãàåìîãî âîñïîëü-

çóåìñÿ �îðìóëîé (16):

1

λm

∫ t

0

| sinλm(t− α)|

∫ α

0

∣∣A2
m(α− τ)

∣∣ ∣∣k1(τ)− k2(τ)
∣∣ dτ dα

≤
1

λm

T 2

2

(
|ϕm|+

1

λm
|ψm|+

1

λm
‖gm‖T

)
e

‖k‖T2

2λm ‖k1 − k2‖, (21)

ãäå ‖gm‖ = max
0≤t≤T

|gm(t)|, ‖k1 − k2‖ = max
0≤t≤T

|k1(t)− k2(t)|.

Äëÿ îöåíêè âòîðîãî ñëàãàåìîãî (19), ìåíÿÿ ïîðÿäîê èíòåãðèðîâàíèÿ,

ïîëó÷èì

1

λm

∫ t

0

| sinλm(t− α)|

∫ α

0

∣∣k1(τ)
∣∣ ∣∣A1

m(α− τ)− A2
m(α− τ)

∣∣ dτ dα

≤
1

λm

∫ t

0

∣∣A1
m(τ)− A2

m(τ)
∣∣
∫ t

τ

∣∣k1(α− τ)
∣∣ dα dτ =

=
1

λm

∫ t

0

∣∣A1
m(τ)−A2

m(τ)
∣∣ k1(τ − t) dτ, (22)

ãäå k1(t) =
∫ t

0
|k1(α)| dα.

Ïîäñòàâëÿÿ (21) è (22) â (19) íàõîäèì,

|A1
m(t)− A2

m(t)| ≤
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≤
1

λm
(
T 2

2

(
|ϕm|+

1

λm
|ψm|+

1

λm
‖gm‖T

)
e

‖k‖T2

2λm ‖k1 − k2‖+

∫ t

0

∣∣A1
m(τ)−A2

m(τ)
∣∣ k1(τ) dτ).

Òåïåðü ïðèìåíèâ ëåììó �ðîíîóëëà ê ýòîìó íåðàâåíñòâó ïîëó÷èì îöåí-

êó (18). Ëåììà 1 äîêàçàíà.
Îñíîâíûì ðåçóëüòàòîì äàííîãî ðàçäåëà ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ïóñòü k(t) ∈ C[0, T ], gm(t) ∈ C[0, T ], âûïîëíåíû óñëîâèÿ

∞∑

m=1

λjm|ϕm| <∞, j = 0, 1, 2,
∞∑

m=1

λjm|ψm| <∞, j = 0, 1,

∞∑

m=1

λjm‖gm‖ <∞, j = 0, 1. (23)

à òàêæå

ϕ|x∈∂Ω = ψ|x∈∂Ω = 0. (24)

Òîãäà ñóùåñòâóåò åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå çàäà÷è (1)-(3).

Äîêàçàòåëüñòâî. Ïðîäè��åðåíöèðîâàâ (�îðìàëüíî) ðÿä (7) ïî x è t

ïîëó÷èì ðÿäû:

utt(x, t) =
∞∑

m=1

A′′
m(t)vm(x), (25)

Lu(x, t) =

∞∑

m=1

Am(t)Lvm(x) = −

∞∑

m=1

λ2mAm(t)vm(x). (26)

Äîêàæåì ñõîäèìîñòü ðÿäîâ (7),(25)�(26).

Èç (7) ñëåäóåò,

|u(x, t)| =

∣∣∣∣∣

∞∑

m=1

Am(t)vm(x)

∣∣∣∣∣ ≤
∞∑

m=1

|Am(t)||vm(x)| ≤

∞∑

m=1

|Am(t)|.

Îòñþäà, èñïîëüçóÿ îöåíêó (16) ïîëó÷èì

|u(x, t)| ≤

∞∑

m=1

(
|ϕm|+

1

λm
|ψm|+

1

λm
‖gm‖T

)
e

‖k‖T2

2λm

≤ e
‖k‖T2

2λ1

( ∞∑

m=1

|ϕm|+

∞∑

m=1

1

λm
|ψm|+ T

∞∑

m=1

‖gm‖

)
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Âñå ðÿäû íàõîäÿùèåñÿ â ñêîáêå ïîñëåäíåé ñòðîêè, ñõîäÿòñÿ ïî óñëîâè-

ÿì (23), (24) òåîðåìû, ïîýòîìó, ðÿä

∞∑
m=1

Am(t)vm(x) ñõîäèòñÿ àáñîëþòíî è

ðàâíîìåðíî, òàê êàê îí ìàæîðèðóåòñÿ ñõîäÿùèìñÿ ÷èñëîâûì ðÿäîì.

Äëÿ äîêàçàòåëüñòâà ñõîäèìîñòè ðÿäà (25) âîñïîëüçóåìñÿ îöåíêîé (18)

|utt(x, t)| =

∣∣∣∣∣

∞∑

m=1

A′′
m(t)vm(x)

∣∣∣∣∣ ≤
∞∑

m=1

|A′′
m(t)||vm(x)| ≤

≤
∞∑

m=1

λ2m|ϕm|+
∞∑

m=1

λm|ψm|+ T

∞∑

m=1

λm‖gm‖+

+‖k‖Te
‖k‖T2

2λ1 (

∞∑

m=1

(
1 +

T

2
λm

)
|ϕm|+

∞∑

m=1

(
1

λm
+
T

2

)
|ψm|+

+T
∞∑

m=1

(
1

λm
+
T

2

)
‖gm‖).

Èç ýòîãî íåðàâåíñòâà ñëåäóåò ðàâíîìåðíàÿ è àáñîëþòíàÿ ñõîäèìîñòü

ðÿäà (25), òàê êàê îí ìàæîðèðóåòñÿ êîíå÷íîé ñóììîé ñõîäÿùèõñÿ (ïî óñëî-

âèÿì òåîðåìû) ÷èñëîâûõ ðÿäîâ.

Àíàëîãè÷íûì îáðàçîì äîêàçûâàåòñÿ ñõîäèìîñòü ðÿäà (26). Òàêèì îá-

ðàçîì �óíêöèÿ u(x, t) îïðåäåëÿåìàÿ ðÿäîì (7) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

(1)�(3) â Q.

À òåïåðü äîêàæåì åäèíñòâåííîñòü ýòîãî ðåøåíèÿ. Ïðè ϕ(x) ≡ 0, ψ(x) ≡
0 è g(x, t) ≡ 0 ïîëó÷àåì òîæäåñòâà ϕm ≡ 0, ψm ≡ 0, gm(t) ≡ 0. Òîãäà èç
�îðìóëû (15) ñëåäóåò, ÷òî Am ≡ 0, òàê êàê Am ÿâëÿåòñÿ ðåøåíèåì îäíî-

ðîäíîãî óðàâíåíèÿ:

Am(t) =
1

λm

∫ t

0

Am(τ)dτ

∫ t−τ

0

sinλm(t− τ − s)k(s)ds.

Ïîäñòàâàëÿÿ Am ≡ 0 â ðàâåíñòâî (8) ïîëó÷èì

∫

Ω

u(x, t)vm(x)dx = 0.

Ïîñêîëüêó ñèñòåìà vm ïîëíà â ïðîñòðàíñòâå L2(Ω), �óíêöèÿ u(x, t) = 0
ïî÷òè âñþäó â Ω è ïðè ëþáîì t ∈ [0, T ]. Òàê êàê �óíêöèÿ u(x, t) ∈ C1(Q)
çàêëþ÷àåì, ÷òî u(x, t) ≡ 0 íà Q.

Çàìå÷àíèå 1. Íà ñàìîì äåëå äëÿ ñõîäèìîñòè ðÿäîâ (23), íàëàãàþòñÿ

íåêîòîðûå óñëîâèÿ ãëàäêîñòè è ñîãëàñîâàíèÿ íà äàííûå çàäà÷è (1)-(3).

Òàêèå óñëîâèÿ, äëÿ n = 1, îáñóæäàþòñÿ â ðàçäåëå 5.
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� 3. Òåîðåìà o ðàçðåøèìîñòè îáðàòíîé çàäà÷è

Â äàëüíåéøèõ èññëåäîâàíèÿõ âîñïîëüçóåìñÿ ñëåäóþùåé çàïèñüþ �îð-

ìóëû (15):

Am(t)− (RmAm)(t) = Φm(t), (27)

ãäå ââåäåíû îáîçíà÷åíèÿ:

Φm(t) = ϕm cos λmt+
1

λm
ψm sin λmt +

1

λm

∫ t

0

sinλm(t− s)gm(s)ds,

(RmAm)(t) =
1

λm

∫ t

0

rm(t− θ)Am(θ)dθ,

rm(t) =

∫ t

0

sinλm(t− s)k(s)ds.

Åñëè âîñïîëüçîâàòüñÿ �îðìóëîé (7), òî äîïîëíèòåëüíîå óñëîâèå (4) ïðè-

íèìàåò âèä

∞∑

m=1

Am(t)vm(x0) = h(t). (28)

Òåïåðü â �îðìóëå (28) ïîäñòàâëÿÿ âìåñòî Am(t) âûðàæåíèå íàéäåííîå èç
(27), ïîëó÷èì èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà ïåðâîãî ðîäà

∫ t

0

k(s)M [k](t− s)ds = f(t), (29)

ãäå

M [k](t) =

∞∑

m=1

1

λm
vm(x0)

∫ t

0

Am(θ) sinλm(t− θ)dθ,

f(t) = h(t)−
∞∑

m=1

Φm(t)vm(x0).

Óðàâíåíèå (29) ïåðåïèøåì â óäîáíîì äëÿ èññëåäîâàíèÿ âèäå

h(t) =

∫ t

0

k(s)M [k](t− s)ds+ F (t), (30)

ãäå F (t) :=
∞∑

m=1

Φm(t)vm(x0).

Èç (30) ñëåäóåò,

h(0) =

∞∑

m=1

ϕmvm(x0) = ϕ(x0).
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Äëÿ ïîëó÷åíèÿ èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà âòîðîãî ðîäà îò-

íîñèòåëüíî �óíêöèè k(t), ïðîäè��åðåíöèðóåì óðàâíåíèå (30) òðè ðàçà

h′(t) =

∫ t

0

k(s)M ′[k](t− s)ds+ F ′(t),

ãäå

M ′[k](t) =

∞∑

m=1

vm(x0)

∫ t

0

Am(θ) cosλm(t− θ)dθ,

ñëåäîâàòåëüíî,

h′(0) =
∞∑

m=1

ψmvm(x0) = ψ(x0). (31)

h′′(t) =

∫ t

0

k(s)M ′′[k](t− s)ds+ F ′′(t), (32)

ãäå

M ′′[k](t) =

∞∑

m=1

vm(x0)Am(t)−

∞∑

m=1

λmvm(x0)

∫ t

0

Am(θ) sinλm(t− θ)dθ

= h(t)−
∞∑

m=1

λmvm(x0)

∫ t

0

Am(θ) sinλm(t− θ)dθ.

Èç (32) ñëåäóåò

h′′(0) =
∞∑

m=1

(
gm(0)− λ2mϕm

)
vm(x0). (33)

Äàëåå,

h′′′(t) = k(t)

∞∑

m=1

vm(x0)ϕm +

∫ t

0

k(s)M ′′′[k](t− s)ds+ F ′′′(t),

ãäå

M ′′′[k](t) = h′(t)−

∞∑

m=1

λ2mvm(x0)

∫ t

0

Am(θ) cosλm(t− θ)dθ.

Èç �îðìóëû (33) ìû ïîëó÷èì èíòåãðàëüíîå óðàâíåíèå îòíîñèòåëüíî

�óíêöèè k(t) :

k(t) =
1

h(0)

[
h′′′(t)− F ′′′(t)−

∫ t

0

k(s)M ′′′[k](t− s)ds

]
, t ∈ [0, T ] (34)
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Òåîðåìà 2. Ïóñòü h(t) ∈ C3[0, T ], gm(t) ∈ C1[0, T ], h(0) 6= 0 âûïîëíå-
íû óñëîâèÿ

∞∑

m=1

λjm|ϕm| <∞, j = 0, 1, 2, 3,
∞∑

m=1

λjm|ψm| <∞, j = 0, 1, 2,

∞∑

m=1

λjm‖gm‖ <∞, j = 0, 1, 2,

è, êðîìå òîãî, âûïîëíåíû óñëîâèÿ (31)�(33). Òîãäà ñóùåñòâóåò åäèíñòâåí-

íîå ðåøåíèå îáðàòíîé çàäà÷è (1)− (4) óäîâëåòâîðÿþùåå óðàâíåíèþ (34).

Äîêàçàòåëüñòâî. Óðàâíåíèå (34) ïðåäñòàâèì â âèäå îïåðàòîðíîãî óðàâ-

íåíèÿ

k = Bk. (35)

Îïåðàòîð B èìååò âèä:

Bk = k0 −
1

h(0)

∫ t

0

M ′′′[k](t− τ)k(τ)dτ

ãäå k0 =
1

h(0)
[h′′′(t)− F ′′′(t)] .

Oáîçíà÷èì ÷åðåç Cσ áàíàõîâî ïðîñòðàíñòâî íåïðåðûâíûõ �óíêöèé, ïî-

ðîæäåííûõ ñåìåéñòâîì âåñîâûõ íîðì

||k||σ = {max
t∈[0,T ]

|k(t)e−σt|}, σ ≥ 0.

Î÷åâèäíî, ÷òî ïðè σ = 0 äàííîå ïðîñòðàíñòâî ñîâïàäàåò ñ ïðîñòðàí-

ñòâîì íåïðåðûâíûõ �óíêöèé ñ îáû÷íîé íîðìîé. Ýòó íîðìó áóäåì îáîçíà-

÷àòü äàëåå ‖k‖. Â ñèëó íåðàâåíñòâà

e−σt‖k‖ ≤ ‖k‖σ ≤ ‖k‖,

íîðìû ‖k‖σ è ‖k‖ ýêâèâàëåíòíû äëÿ ëþáîãî �èêñèðîâàííîãî T ∈ (0,∞).
×èñëî σ âûáåðåì ïîçæå. Ïóñòü Pσ(k0, ‖k0‖) := {k ∈ Cσ : ‖k − k0‖σ ≤ ‖k0‖}
- øàð ðàäèóñà ‖k0‖ ñ öåíòðîì â òî÷êå k0 íåêîòîðîãî âåñîâîãî ïðîñòðàíñòâà

Cσ(σ ≥ 0).
Íåòðóäíî çàìåòèòü, ÷òî äëÿ k ∈ Pσ(k0, ‖k0‖) èìååò ìåñòî îöåíêà

‖k‖σ ≤ ‖k0‖σ + ‖k0‖ ≤ 2‖k0‖.

Ïóñòü k(t) ∈ Pσ(k0, ‖k0‖). Ïîêàæåì, ÷òî ïðè ïîäõîäÿùåì âûáîðå σ > 0
îïåðàòîð B ïåðåâîäèò øàð â øàð, ò.å. B ∈ Pσ(k0, ‖k0‖) .
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Ïðîâåðèì âûïîëíåíèÿ óñëîâèé òåîðåìû Áàíàõà î íåïîäâèæíîé òî÷êå

[26℄.

|Bk − k0| = max
t∈[0,T ]

|(Bk − k0)e
−σt| =

max
t∈[0,T ]

∣∣∣∣
1

h(0)

∫ t

0

M ′′′[k](t− τ)k(τ)e−στ e−σ(t−τ)dτ

∣∣∣∣

≤
2T

|h(0)|

[
‖h′‖+T

∞∑

m=1

λmvm(x0)

(
|ϕm|+

1

λm
|ψm|+

1

λm
‖gm‖T

)
e

‖k‖T2

2λm

]
‖k0‖

σ
=

=
‖k0‖

σ
α0,

Âûáèðàÿ

σ ≥ α0

ïîëó÷èì, ÷òî B ïåðåâîäèò Pσ(k0, ‖k0‖) â Pσ(k0, ‖k0‖).
Òåïåðü ïðîâåðèì âûïîëíåíèå âòîðîãî óñëîâèÿ:

||(Bk1 − Bk2)||σ = max
t∈[0,T ]

|(Bk1 − Bk2)e−σt|

= max
t∈[0,T ]

∣∣∣∣
1

h(0)

∫ t

0

[
M ′′′[k1](t− τ)k1(τ)−M ′′′[k2](t− τ)k2(τ)

]
e−στe−σ(t−τ)dτ

∣∣∣∣

≤ max
t∈[0,T ]

1

|h(0)|

∫ t

0

∣∣∣∣∣

[
h′(t−τ)−

∫ t

0

∞∑

m=1

λ2mvm(x0)A
1
m(α−τ) cos λm(t−α)dα

]
k1(τ)

−

[
h′(t−τ)−

∫ t

0

∞∑

m=1

λ2mvm(x0)A
2
m(α−τ) cos λm(t−α)dα

]
k2(τ)e−στe−σ(t−τ)

∣∣∣∣∣dτ

≤ max
t∈[0,T ]

1

|h(0)|

∫ t

0
(
∣∣h′(t− τ)

∣∣∣∣k1(τ)− k2(τ)
∣∣e−στ e−σ(t−τ) +

∫ t

0

∞∑

m=1

λ2
mvm(x0)| cos λm(t−α)(A1

m(α− τ)k1(τ)−A2
m(α− τ)k2(τ))|e−στ e−σ(t−τ)dα)dτ.

(36)

Ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (36), îöåíèâàåòñÿ ñëåäóþùèì îáðàçîì:

max
t∈[0,T ]

1

|h(0)|

∫ t

0

[∣∣h′(t− τ)
∣∣∣∣k1(τ)−k2(τ)

∣∣e−στe−σ(t−τ)
]
dτ ≤

‖h′‖T

|h(0)|
·
‖k1 − k2‖

σ
.

(37)
Äëÿ îöåíêè âòîðîãî ñëàãàåìîãî åùå ðàç îáðàòèìñÿ ê íåðàâåíñòâó (20).

Òîãäà, ìû èìååì

max
t∈[0,T ]

1

|h(0)|

∫ t

0

∫ t

0
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[ ∞∑

m=1

λ2
mvm(x0)

∣∣∣ cosλm(t−α)
[
A1

m(α−τ)k1(τ)−A2
m(α−τ)k2(τ)

]∣∣∣e−στ e−σ(t−τ)dα

]
dτ

≤ max
t∈[0,T ]

1

|h(0)|

∫ t

0

∫ t

0

[ ∞∑

m=1

λ2
mvm(x0)

∣∣ cos λm(t−α)
∣∣
[∣∣A1

m(α− τ)−A2
m(α− τ)

∣∣ ∣∣k1(τ)
∣∣

+
∣∣A2

m(α− τ)
∣∣ ∣∣k1(τ)− k2(τ)

∣∣
]
e−στ e−σ(t−τ)dα

]
dτ

≤
T 2

|h(0)|

∞∑

m=1

λ2
mvm(x0)

[
T 2‖k0‖e

t∫

0

|k1(θ)|dθ
+1

](
‖ϕm‖+

1

λm

‖fm‖T

)
e

‖k‖T2

2λ1
‖k1 − k2‖

σ
.

(38)

Çäåñü ìû âîñïîëüçîâàëèñü îöåíêàìè (16) è (18). Ïîäñòàâëÿÿ (37) è (38) â

(36) ïîëó÷èì

||(Bk1 −Bk2)||σ = max
t∈[0,T ]

∣∣(Bk1 − Bk2)e−σt
∣∣

≤
T

|h(0)|

[
‖h′‖+T

∞∑

m=1

λ2mvm(x0)

[
T 2‖k0‖e

t∫

0

|k1(θ)|dθ
+1

](
|ϕm|+

1

λm
‖fm‖T

)
e

‖k‖T2

2λ1

]

‖k1 − k2‖

σ
=:

α1

σ
‖k1 − k2‖.

Êàê ñëåäóåò èç ïîëó÷åííûõ îöåíîê, åñëè ÷èñëî σ âûáðàòü èç óñëîâèÿ

σ > max{α0, α1}, òî îïåðàòîð B ÿâëÿåòñÿ ñæèìàþùèì íà Pσ(k0, ‖k0‖).
Òîãäà, ñîãëàñíî ïðèíöèïó Áàíàõà, óðàâíåíèå (35) èìååò è ïðèòîì åäèí-

ñòâåííîå ðåøåíèå â Pσ(k0, ‖k0‖) ïðè ëþáîì �èêñèðîâàííîì T > 0 ([27℄, ñ.
84). Òåîðåìà 2 äîêàçàíà.

� 4. Îöåíêà óñëîâíîé óñòîé÷èâîñòè

ÏóñòüK(k0) - ìíîæåñòâî �óíêöèé k(t) ∈ C[0, T ], óäîâëåòâîðÿþùèõ äëÿ
t ∈ [0, T ] íåðàâåíñòâó ‖k(t)‖C[0,T ] ≤ k0 ñ �èêñèðîâàííîé ïîëîæèòåëüíîé

ïîñòîÿííîé k0. Ýòà ïîñòîÿííàÿ îïðåäåëåíà â (40).

Òåîðåìà 3. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2 è ïóñòü k1 è k2 äâà

ðåøåíèÿ îáðàòíîé çàäà÷è (1)�(4), ñîîòâåòñòâóþùèå äâóì íàáîðàì äàí-

íûõ {ϕ1, ψ1, g1, h1} è {ϕ2, ψ2, g2, h2}. Òîãäà èìååò ìåñòî ñëåäóþùàÿ îöåíêà
óñòîé÷èâîñòè:

‖k1 − k2‖C[0,T ] ≤

C(max

{
max
0≤j≤3

∞∑

m=1

λjm|ϕ̃m|, max
0≤j≤2

∞∑

m=1

λjm|ψ̃m|, max
0≤j≤2

∞∑

m=1

λjm‖g̃m‖C1[0,T ]

}
+
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+‖h̃‖C3[0,T ]), (39)

ãäå C = C(k0, T )− íåêîòîðàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ.

Äîêàçàòåëüñòâî. Òàê êàê óñëîâèÿ òåîðåìû2. âûïîëíåíû, òî ðåøåíèå

óðàâíåíèÿ (35) ïðèíàäëåæèò ìíîæåñòâó Pσ(k0, ‖k0‖) è

max
t∈[0,T ]

|k(t)| ≤ 2‖k0‖ := k0. (40)

Ïóñòü φj, j = 1, 2 - âåêòîð �óíêöèé, êîòîðûå ÿâëÿþòñÿ ðåøåíèÿìè

(40) ñ íàáîðîì äàííûõ

{
ϕj(x), ψj(x), gj(x, t), hj(t)

}
, j = 1, 2, ñîîòâåòñòâåí-

íî, ò.å. ñïðàâåäëèâû óðàâíåíèÿ φj = Aφj
äëÿ j = 1, 2. Èçâåñòíûå �óíêöèè

ϕj(x), ψj(x), j = 1, 2 âõîäÿò â ñâîáîäíûå ÷ëåíû ýòèõ èíòåãðàëüíûõ óðàâíå-

íèé ñîîòâåòñòâóþùèì îáðàçîì ÷åðåç ñëîæíûå �óíêöèè M j [k(t)], j = 1, 2.
Â äàëüíåéøèì áóäåì îáîçíà÷àòü ðàçíîñòü äâóõ �óíêöèé, íàèìåíîâàíèå

êîòîðûõ îòëè÷àåòñÿ òîëüêî öè�ðîé ñâåðõó òîé æå ñàìîé áóêâîé ñî çíà-

êîì ∼, êàê â ðàáîòå [17℄. Íàïðèìåð ũ = u1 − u2, h̃ = h1 − h2 è ò.ä. Òîãäà

èç (34) ïîëó÷èì óðàâíåíèå îòíîñèòåëüíî �óíêöèè k̃(t) :

k̃(t) =
1

h(0)

[
h̃′′′(t)−F̃ ′′′(t)−

∫ t

0

[
k1(s)M̃ ′′′[k](t− s) + k̃(s)M2′′′[k](t− s)

]
ds

]
,

t ∈ [0, T ],

ãäå

M̃ ′′′[k](t) = h̃′(t)−
∞∑

m=1

λ2mvm(x0)

∫ t

0

Ãm(θ) cosλm(t− θ)dθ.

Çàìåòèì, ÷òî âõîäÿùèå â ýòî óðàâíåíèå �óíêöèè ìîãóò áûòü îöåíåíû

íà îñíîâå àïðèîðíîé èí�îðìàöèè î äàííûõ çàäà÷è. Èñïîëüçóÿ ýòó àïðèîð-

íóþ èí�îðìàöèþ, ïðèìåíèâ íåðàâåíñòâî �ðîíóîëëà ïîëó÷èì îöåíêó (39)

.

Òåîðåìà 3 äîêàçàíà.

� 5. ×àñòíûé ñëó÷àé

�àññìîòðèì ÷àñòíûé ñëó÷àé çàäà÷è (1)�(4), êîãäà n = 1. Ïðè ýòîì

áóäåì ïðåäïîëàãàòü a11(x) è c(x) ïîñòîÿííûìè (a11(x) ≡ 1, c(x) ≡ 0.)
Òîãäà â îáëàñòè Q = {(x, t) : 0 < x < l, 0 < t ≤ T.} ìû èìååì ñëåäóþùóþ

çàäà÷ó:

utt − uxx =

∫ t

0

k(t− θ)u(x, θ) dθ + g(x, t), (x, t) ∈ Q, (41)
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ñ íà÷àëüíûìè

u|t=0 = ϕ(x), ut|t=0 = ψ(x), 0 < x < l, (42)

è ãðàíè÷íûìè óñëîâèÿìè:

u(0, t) = 0, u(l, t) = 0, t > 0, (43)

ãäå ϕ(x), ψ(x) è g(x, t)− çàäàííûå �óíêöèè.

Â îáðàòíîé çàäà÷å òðåáóåòñÿ íàéòè �óíêöèþ k(t), åñëè îòíîñèòåëüíî

ðåøåíèÿ ïðÿìîé çàäà÷è (1)�(3) èìååòñÿ äîïîëíèòåëüíàÿ èí�îðìàöèÿ:

u(x0, t) = h(t), 0 ≤ t ≤ T, (44)

ãäå h(t)− çàäàííàÿ �óíêöèÿ, x0 ∈ (0, l)−çàäàííàÿ ÷èñëî.

Èçâåñòíî, ÷òî â äàííîì ñëó÷àå ñîáñòâåííûå �óíêöèè è ñîîòâåòñòâóþ-

ùèå ñîáñòâåííûå çíà÷åíèÿ ýòîé çàäà÷è ([28℄, ñ. 85) èìåþò âèä:

vm(x) =

√
2

l
sin λmx, λm =

πm

l
, m ∈ N.

�åøåíèå çàäà÷è (41)�(43) áóäåì èñêàòü â âèäå ðÿäà Ôóðüå

u(x, t) =

∞∑

m=1

Am(t)vm(x), (45)

ãäå Am(t)− êîý��èöèåíòû Ôóðüå îïðåäåëÿåìûå �îðìóëîé

Am(t) = (u(x, t), vm(x)).

Â äàííîì ñëó÷àå, ïðåäïîëàãàÿ óñëîâèÿ ãëàäêîñòè è ñîãëàñîâàíèÿ äëÿ

çàäàííûõ �óíêöèé, ìû ìîæåì îáåñïå÷èòü âûïîëíåíèÿ óñëîâèé (23):

utt(x, t) =
∞∑

m=1

A′′
m(t)vm(x), (46)

uxx(x, t) = −
∞∑

m=1

λ2mAm(t)vm(x). (47)

Äëÿ �óíêöèîíàëüíîãî ðÿäà (45) íàõîäèì ìàæîðàíòíûé ðÿä

|u(x, t)| ≤ C1

∞∑

m=1

(
|ϕm|+

|ψm|

λm
+

‖gm‖

λm

)
, (50)
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ãäå C1− ïîñòîÿííàÿ, êîòîðàÿ çàâèñèò òîëüêî îò T. Èñïîëüçóÿ îöåíêè (16)

è (17) äëÿ ðÿäîâ (46) è (47) ïîëó÷èì ñëåäóþùèå íåðàâåíñòâà:

|utt(x, t)| ≤ C2

∞∑

m=1

(
λ2m|ϕm|+ λm|ψm|+ λm‖gm‖

)
, (49)

|uxx(x, t)| ≤ C3

∞∑

m=1

(
λ2m|ϕm|+ λm|ψm|+ λm‖gm‖

)
. (50)

ãäå C2 è C3 íåêîòîðûå ïîëîæèòåëüíûå ïîñòîÿííûå, çàâèñÿùèå òîëüêî îò

T. Èç �îðìóë (48)�(50) ñëåäóåò, ÷òî, ðÿäû (45)-(47) ïðè ëþáûõ (x, t) ∈ Q

ìàæîðèðóþòñÿ ðÿäîì

C4

∞∑

m=1

(
m2|ϕm|+m|ψm|+m‖gm‖

)
. (51)

ãäå C4− ïîñòîÿííàÿ, êîòîðàÿ çàâèñèò òîëüêî îò T.

Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

ϕ(x) ∈ C2[0, l], ϕ(3)(x) ∈ L2(0, l), ψ(x) ∈ C1[0, l], ψ(2)(x) ∈ L2(0, l),

g(·, t) ∈ C1[0, l], gxx(·, t) ∈ L2(0, l), t ∈ [0, T ],

ϕ(0) = ϕ(l) = ϕ(2)(0) = ϕ(2)(l) = 0, ψ(0) = ψ(l) = 0, g(0, t) = g(l, t) = 0.
(52)

Òîãäà, ðÿäû (45)-(47) â ñèëó óñëîâèé (52) íà �óíêöèè ϕ(x), ψ(x) è

g(x, t) îöåíèâàþòñÿ ñõîäÿùèìñÿ ÷èñëîâûì ðÿäîì

C5

∞∑

m=1

1

m

(
|ϕ(3)

m |+ |ψ(2)
m |+ ‖g(2)m ‖

)
, (53)

ãäå C5− íåêîòîðàÿ ïîëîæèòåëüíàÿ ïîñòîÿíííàÿ, çàâèñÿùàÿ òîëüêî îò T ;
ϕ
(3)
m , ψ

(2)
m , g

(2)
m (t)− êîý��èöèåíòû ðàçëîæåíèÿ �óíêöèé ϕ′′′(x), ψ′′(x) gxx(x, t),

â ðÿä Ôóðüå îòíîñèòåëüíî ñèñòåìû �óíêöèé

{
1√
2l
,
√

2
l
cos λmx

}
, m ≥ 1,

ϕ(3)
m =

∫ l

0

ϕ(3)(x)vm(x)dx, ψ(2)
m =

∫ l

0

ψ(2)(x)vm(x)dx,

g(2)m (t) =

∫ l

0

g(2)x (x, t)vm(x)dx,

òàêèå, ÷òî

∞∑

m=1

|ϕ(3)
m |2 ≤

∫ l

0

|ϕ(3)(x)|2dx,

∞∑

m=1

|ψ(2)
m |2 ≤

∫ l

0

|ψ(2)(x)|2dx,
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∞∑

m=1

|g(2)m |2 ≤

∫ l

0

|g(2)m (x, t)|2dx.

Ñëåäîâàòåëüíî, ðàâíîìåðíî áóäóò ñõîäèòüñÿ ðÿäû (47) � (49). Åäèí-

ñòâåííîñòü ýòîãî ðåøåíèÿ óñòàíàâëèâàåòñÿ ñòàíäàðòíûì ïðèåìàì (êàê â

ðàçäåëà 3).

Òàêèì îáðàçîì, ìû äîêàçàëè ñëåäóþùóþ òåîðåìó:

Òåîðåìà 4. Ïóñòü k(t) ∈ C[0, T ] è âûïîëíåíû óñëîâèÿ (52). Òîãäà

ñóùåñòâóåò åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå çàäà÷è (41)-(43).

Ñëåäóåò îòìåòèòü, ÷òî äëÿ äàííîãî ÷àñòíîãî ñëó÷àÿ òàêæå, ìîæíî

ñ�îðìóëèðîâàòü òåîðåìó î ãëîáàëüíîé îäíîçíà÷íîé ðàçðåøèìîñòè îáðàò-

íîé çàäà÷è (41)�(44). Äîêàçàòåëüñòâî êîòîðîé ñëåäóåò èç äîêàçàòåëüñòâà

òåîðåìû 2.
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